The primary objective of this article is to present a semi-analytical algorithm for the transient behaviors of Functionally Graded Materials plates (FGM plates) considering both the influence of in-plane displacements and the influence of temperature changes. Based on the classical plate theory considering the effect of in-plane displacements, the equilibrium equations of the motion system are derived by Hamilton's principle. Here, we propose a novel, accurate, and efficient semi-analytical method that incorporates the Fourier series expansion, the Laplace transforms, and its numerical inversion and the Differential Quadrature Method (DQM) to simulate the transient behaviors. This paper validates the proposed method by comparisons with semi-analytical natural frequency results and those from the literature. Expressly, the results of dynamic response also agree well with those generated by the Navier's method and Finite Element Method (FEM). A convergence study that utilizes the different numbers of sampling points shows that the process can converge quickly, and a few sampling points can achieve high accuracy. The effects of various boundary conditions at the ends, material graded index, and temperature change are further investigated. From the detailed parametric study, it is seen that the peak displacement increases as the edge degrees of freedom, the gradient index of the material, and temperature change increase.
Introduction
The definition of Functionally Graded Materials (FGM), which was considered in Japan in 1984 firstly by materials scientists, is to make a class of composite materials that varies the material properties from one surface to the other based on a specific gradient [1] [2] [3] . In recent years, applications of FGM have become popular in structural engineering, mechanical engineering, and marine engineering because of the high performance heat resistant properties of FGM [4] [5] [6] [7] . As the demands of FGM increase, especially Functionally Graded Material plates (FGM plates), FGM is often exposed to a variety of thermal conditions resulting in non-uniform and uniform thermal loads, which cause variation in the vibration characteristics of structures [8] . Thus, accurate and efficient tools will be required to predict their dynamic response for vibration control and structural design.
Given the efficient and safe use of FGM, many investigations considering multiple loading conditions and environments have been published by numerous research workers using different measures. Some of the papers have been carried out to understand the vibration characteristics of Functionally Graded FG plates such as the free vibration and stress distribution of a structure made of FGM [4, [9] [10] [11] [12] [13] . However, these works ignored the effects of temperature, which is of great significance to FGM plates. Some research works related to FGM plates subjected to thermal loads are introduced in the following.
Malekzadeh [14, 15] analyzed the natural frequencies of FGM plates considering the effect of temperature change employing the differential quadrature method and discussed the effects of different boundary conditions, temperature change, and the volume fraction index. Shenas [16] computed the free vibration of FG quadrilateral microplates subjected to thermal loads by the Chebyshev-Ritz method and concluded that the free frequencies increased monotonically with the temperature drops. Shi [17] chose 3D elasticity theory to compute the vibration characteristics of FGM annular plates employing the Chebyshev-Ritz algorithm and analyzed the influences of various mixed boundary conditions, the material graded index, and temperature rise on the eigenfrequencies. Pandey [18] applied the finite element formulation to analyze the natural frequencies of FGM sandwich plates considering the effect of temperature change and presented the influences of various boundary conditions and different FGM cores. Li [19] chose the Ritz method to propose three-dimensional results for the vibration characteristics of FGM sandwich plates in a thermal environment and suggested that the material properties could affect thin FG plates more significantly than thick FG plates. Wang [20] carried out nonlinear vibration for FGM sandwich plates in the thermal environment using a two step perturbation technique and presented that the variation in temperature had a significant influence on the fundamental frequency. Shen and Zhang [21] also analyzed the non-linear vibration of FGM composite laminated plates under different thermal conditions and found that fiber reinforcement resulted in a significant change in the vibration characteristic. Khalili [22] proposed a natural frequencies analysis for FGM sandwich plates in various thermal environments and presented a technique to reduce the governing equations of the motion system. He also found that temperature change significantly influenced the natural frequencies.
George [23] used a finite element approach to compute the vibration characteristics of the FGM carbon reinforced polymer composite plate under thermal load and observed that the natural frequencies under a thermal environment increased as the temperature dropped. All the works cited above analyzed the free vibration of FGM plates in detail, but few studies have been done on the dynamic or transient behaviors of FGM plates. It can be seen that the majority of research mentioned above employed the Ritz technique to analyze the vibration characteristics of the structure. However, some drawbacks when using this kind of method, such as the difficulty of finding the trail functions and improving the numerical accuracy in some cases, can be found.
Huang and Shen [24] proposed an analytical method to simulate the nonlinear vibration and transient behaviors of FGM plates considering the thermal effect and discussed the impact of the volume fraction index and temperature field on transient responses. The displacement of an FGM plate subjected to transient thermal loading was studied by Kim [25] using the Galerkin method. The author found that the dimensionless displacement decreased as the volumetric ratio of metal decreased. Praveen and Reddy [26] investigated the static and transient behaviors of FGM plates by the finite element method and analyzed the influences of material properties and the variation in temperature on the dynamic behaviors of FGM plates. Malekzadeh [27] used Newmark's time integration technique and the finite element method to analyze the dynamic response of FGM plates under moving and thermal load. Numerical methods such as the Galerkin method and finite element method have been proven to be efficient and precise techniques. However, numerical errors may occur because of spurious numerical oscillations [28, 29] . From the literature concluded above, it also can be found that many types of research employed various plate theories, but few studies considered the effect of in-plane displacement.
While this summary shows that significant research has been carried out to analyze the free vibration and the dynamic response of FGM plates with various methods and plate theory, however, to the best of the author's knowledge, little attention has been devoted to a semi-analytical algorithm for the dynamic behaviors of functionally graded materials plates considering both the influence of in-plane displacements and the effect of temperature changes. For the transient behavior of structures, there is an urgent need for a more efficient and accurate method. Given the circumstances, we propose a novel and accurate semi-analytical methodology that incorporates the Fourier series expansion, the Laplace transform, and its numerical inversion and the Differential Quadrature Method (DQM) to investigate the dynamic response of FGM plates. This paper is organized as follows. Section 2 derives the partial differential equations of the motion system using Hamilton's principle. Section 3 demonstrates briefly the method we used in this work. A detailed numerical study including the validation and convergence study and the influences of different boundary conditions, the material graded index, and temperature change is presented in Section 4, followed by conclusions in the last section.
Theoretical Formulation

Material Properties
As shown in Figure 1 , here, an FGM rectangular plate with length a, width b, and thickness h is considered. The FGM plates were mainly made of a mixture of metal and ceramic, which are used to manufacture the fuselage of the shuttle, the interior chamber walls and turbine engines such as the PSZ/IN 100 functionally graded material. The variation of the properties was smooth and continuous through the thickness by a simple power law distribution with Voigt's rule of mixtures. Based on Voigt's rule of combinations, the material properties P, such as Young's modulus E, mass density ρ, Poisson's ratio v, thermal conductivity κ, and thermal expansion coefficient α, are given by:
where n ≥ 0 is the power law index, which defines the distribution of the constituents in FGM and P c and P m denote the material properties of ceramic and metal, z represents z-axial coordinate, respectively. expansion, the Laplace transform, and its numerical inversion and the Differential Quadrature Method (DQM) to investigate the dynamic response of FGM plates. This paper is organized as follows. Section 2 derives the partial differential equations of the motion system using Hamilton's principle. Section 3 demonstrates briefly the method we used in this work. A detailed numerical study including the validation and convergence study and the influences of different boundary conditions, the material graded index, and temperature change is presented in Section 4, followed by conclusions in the last section.
Theoretical Formulation
Material Properties
where n ≥ 0 is the power law index, which defines the distribution of the constituents in FGM and Pc and Pm denote the material properties of ceramic and metal, z represents z-axial coordinate, respectively. The temperature distribution T in FGM plate can be computed by solving the one-dimensional steady-state heat transfer equation which assumes that the variation in temperature occurs in the zaxis direction [30] . The following equations can be used The temperature distribution T in FGM plate can be computed by solving the one-dimensional steady-state heat transfer equation which assumes that the variation in temperature occurs in the z-axis direction [30] . The following equations can be used
The boundary condition can be expressed as:
The variation in temperature can be obtained by solving Equations (2)-(4) using the technique of polynomial series:
in which:
where k c and k m are the thermal conductivity of ceramic and thermal conductivity of metal.
In the high temperature environment, the properties of the constituent materials may change significantly. Therefore, there is a need for the thermal behavior of the FGM properties, and the following function [31] can be used as:
where P 0 , P −1 , P 1 , P 2 , and P 3 are the given coefficients of temperature T (in K).
Mathematical Model
The mathematical model is proposed considering the influence of in-plane displacements:
where t is the time; u 0 and v 0 denote the mid-plane displacements of different directions (x-axis and y-axis); w 0 denotes the transverse displacements (z-axis). The strain-displacement relations can be expressed as:
where ε 0 is the vector of strains on the middle surface and κ is the vector of curvature changes.
Based on Hooke's law, the stress-strain relations can be expressed as: where ∆T and α are temperature changes and the thermal expansion coefficient, respectively; and the reduced stiffness Q ij (i, j = 1, 2, and 6) can be stated as:
where E is the material elastic modulus; and ν is the material Poisson's ratio.
Based on Equations (10)- (12) , the governing equations of the motion system can be obtained by using Hamilton's principle, which is expressed as:
where T, U, and W ek are the kinetic energy, the strain energy, and the work done by the external work, respectively. The kinetic energy of the FGM plate can be stated as:
where the over-dot denotes the first derivative with respect of time, ρ is the density of the plate, V is the volume of the plate. The strain energy of the FGM plate can be written as:
The work done by external work can be expressed as:
where W T ek and W F ek are external works done by temperature variation and external forces, which can be defined as:
where f (x, y, t) is the external force, and N T can be described by:
where ∆T is the temperature change in the z-direction, which can be derived by Equations (5)- (7) . The governing equations of the motion system for the FGM rectangular plates can be derived by substituting Equations (14)- (16) into Equation (13); the following equations regarding the forces N ij and moment resultants M ij can be stated as:
where:
By substituting Equation (21) into Equation (20), the governing equations of the motion system can be obtained as:
As shown in Figure 2 , consider various boundary conditions of FGM rectangular plates here: S-S-S-S; S-S-S-C; S-S-C-C; S-S-S-F. S denotes Simply supported; C denotes Clamped; F denotes Free. By substituting Equation (21) into Equation (20), the governing equations of the motion system can be obtained as:
As shown in Figure 2 , consider various boundary conditions of FGM rectangular plates here: S-S-S-S; S-S-S-C; S-S-C-C; S-S-S-F. S denotes Simply supported; C denotes Clamped; F denotes Free. 
For a clamped end, it can be stated as: For a simply supported end, it can be stated as: For a clamped end, it can be stated as:
For a free end, it can be expressed as:
where: The differential method (DQM) has been proven to be able to solve various structural problems efficiently and accurately [32] . The Differential Quadrature Method (DQM) can approximate the partial derivative of a function by a weighted linear sum of the function values as below [33] :
where f (x) denotes a continuous function, N is the number of discrete sampling points, W (n) ij denotes the weighting coefficients, x i,j,k are the given points, and N denotes a large integer. The weighting coefficients W (n) ij can be derived by:
Laplace Numerical Inversion
Durbin proposed the numerical inversion of the Laplace transform. This kind of method, which has been widely used in various engineering fields, can obtain almost the same solutions as that given by analytical inversion in a shorter time [34, 35] . In that case, it can be defined by:
where f (t) is a function, t is the time, f (λ) is the transformed function; λ = 5/B, T = 5 × B d , B d is the observing-time period, and M is a large integer. 
Dynamic Response Calculation
This section derives the semi-analytical results using the Laplace transform and DQM for the dynamic behaviors with various boundary conditions in the thermal environment.
Firstly, the displacements on the middle face and external pressure can be expanded by the trigonometric Fourier series of the y-direction, as shown below:
where f (x, t) can be stated as:
By substituting Equations (30) and (31) into Equation (22) and utilizing the Laplace transform, the differential equations can be yielded:
Employing the DQM on Equation (32) gives:
For simplicity, Equation (33) can be written in matrix form as: where: 
Several efficient and accurate methods can be used to consider the boundary conditions. Here, we consider FGM rectangular plates with clamped ends by equation substitution. Similarly, the corresponding conditions can be expressed as:
After substituting Equation (37) into (34), the matrix S is rewritten as: 
We can find the nontrivial solution in the Laplace transformed domain by solving Equation (34) . Subsequently, the numerical inversion of the Laplace transform can be applied to obtain the solution in the time domain.
Numerical Results
This section presents the numerical results based on a proposed semi-analytical method for the transient response of the FGM rectangular plates in the thermal environment. A software package was designed to evaluate the model in this work using the software Wolfram Mathematica [36] . Firstly, a section carried out the convergence of the results. Subsequently, validation of the proposed semi-analytical method was carried out, which included the contrast of fundamental frequencies and a comparison of the dynamic response. Lastly, we assessed the influences of various boundary conditions, temperature change, and the material graded index on the dynamic response. Considering a particular FGM model, which is made of Si 3 N 4 (ceramic) and SUS304 (metal), the material properties of the model are listed in Table 1 [37] . The distributed excitation was considered as f (x, y, t) = Q Sin(30t).
The excitation of the model that is listed in Table 2 was supposed to apply to the upper surface (metal). The choice of the sampling point system is crucial for computation [38] . In the present work, the sampling point system can be designed as:
Convergence Studies
To demonstrate the accuracy of the methodology, a series of different numbers of sampling points, N = 5, 7, 9, and 11, was studied. As shown in Table 2 , this section used FGM rectangular plates under the S-S-S-S boundary condition and for different geometries, thermal environments, and power law indexes. Figure 3 shows the time histories of the transverse displacement at one given position (x = a/2, y = b/2). The figures of the four cases demonstrated that the same time histories could be predicted when N was larger than nine, showing that the semi-analytical methodology converged rapidly with increasing the sampling points. The choice of the sampling point system is crucial for computation [38] . In the present work, the sampling point system can be designed as: 1 2 1
( 2) 0, 0.0001 , 1 cos , 0.9999 , . 2 3
To demonstrate the accuracy of the methodology, a series of different numbers of sampling points, N = 5, 7, 9, and 11, was studied. As shown in Table 2 , this section used FGM rectangular plates under the S-S-S-S boundary condition and for different geometries, thermal environments, and power law indexes. Figure 3 shows the time histories of the transverse displacement at one given position (x = a/2, y = b/2). The figures of the four cases demonstrated that the same time histories could be predicted when N was larger than nine, showing that the semi-analytical methodology converged rapidly with increasing the sampling points. 
Validation of the Proposed Method
Validation by Comparison with Natural Frequencies Results
This validation compared the natural frequencies results obtained by the proposed method with those results from the literature [39] . Table 3 presents a comparison of the results of fundamental frequencies for four different boundary conditions (S-S-S-S, S-C-S-C, S-S-S-C, S-S-S-F) with different power law indexes (n = 0, 0.5, 1, 2). It was evident that the results obtained by the semi-analytical method agreed well with the results from Baferani and Jomehzadeh [39] , no matter what law of the variation of properties or boundary condition was utilized. 
Validation by Comparison with Analytical and FEM Solutions
For further validation, we validated the presented semi-analytical method by comparing it with solutions obtained by using Navier's method and commercial software COMSOL (based on FEM). Consider FGM rectangular plates with the boundary condition S-S-S-S in this section. Four cases, as shown in Table 2 , were used here. Figure 4 compares the results of the dynamic response of FGM rectangular plates at one given position (x = a/2, y = b/2) obtained by Navier's method, FEM, and the presented method. As shown in this figure, the solutions derived by the three methods coincided with each other, and the present method was well validated in the four cases. To demonstrate the computational efficiency of the semi-analytical method, the same computer system and the three methods (the proposed method, Navier's method, and FEM) were employed to analyze the four cases, as shown in Table 2 . The relevant Computation Times (CT) and computer configuration instructions are listed in Table 4 . It can be seen that the semi-analytical method can use a shorter simulation time than the FEM to obtain the results. The time using Navier's method was longer than the proposed method when the sampling numbers N = 7 and was close to the semianalytical method when the sampling numbers N = 9. However, Navier's method could obtain the exact results with only suitable boundary conditions, such as simply supported at both edges. Therefore, by comparing with two widely used and classical methods, the present method had a high simulation efficiency. Table 4 . Computation Times (CT) of the proposed method, Navier's method, and FEM (Intel(R) Core(TM) i5-8250U CPU @ 1.6 GHz 1.80 GHz 8.0 GB (RAM), Mathematica 11.0, COMSOL 5.3 a, computation times in seconds). To demonstrate the computational efficiency of the semi-analytical method, the same computer system and the three methods (the proposed method, Navier's method, and FEM) were employed to analyze the four cases, as shown in Table 2 . The relevant Computation Times (CT) and computer configuration instructions are listed in Table 4 . It can be seen that the semi-analytical method can use a shorter simulation time than the FEM to obtain the results. The time using Navier's method was longer than the proposed method when the sampling numbers N = 7 and was close to the semi-analytical method when the sampling numbers N = 9. However, Navier's method could obtain the exact results with only suitable boundary conditions, such as simply supported at both edges. Therefore, by comparing with two widely used and classical methods, the present method had a high simulation efficiency. Table 4 . Computation Times (CT) of the proposed method, Navier's method, and FEM (Intel(R) Core(TM) i5-8250U CPU @ 1.6 GHz 1.80 GHz 8.0 GB (RAM), Mathematica 11.0, COMSOL 5.3 a, computation times in seconds). 
Cases
CT of the Proposed Method (s) CT of Navier's Method (s) CT of FEM (s)
Cases
CT of the Proposed Method (s) CT of Navier's Method (s) CT of FEM (s)
The Influence of the Boundary Conditions at the Ends
This section studies the dynamic response due to the impacts of the boundary conditions. The various parameters (geometry, the parameters of the thermal environment, material graded index, and load parameter) used to simulate were the same as those in Case 1 ( Table 2) . Four different boundary conditions at the ends were considered here: S-S-S-S, S-S-S-C, S-S-C-C, S-S-S-F. Figure 5 demonstrates the dynamic behaviors of FGM rectangular plates at one given position (x = a/2, y = b/2). It can be concluded that the peak displacements of the FGM plates constantly decreased when the total number of degrees of freedom decreased (where D S-S-S-F > D S-S-S-S > D S-S-S-C > D S-S-C-C , where D denotes the edge of the FGM rectangular plates and the subscripts denote the various boundary conditions). 
This section studies the dynamic response due to the impacts of the boundary conditions. The various parameters (geometry, the parameters of the thermal environment, material graded index, and load parameter) used to simulate were the same as those in Case 1 ( Table 2) . Four different boundary conditions at the ends were considered here: S-S-S-S, S-S-S-C, S-S-C-C, S-S-S-F. Figure 5 demonstrates the dynamic behaviors of FGM rectangular plates at one given position (x = a/2, y = b/2). It can be concluded that the peak displacements of the FGM plates constantly decreased when the total number of degrees of freedom decreased (where DS-S-S-F > DS-S-S-S > DS-S-S-C > DS-S-C-C, where D denotes the edge of the FGM rectangular plates and the subscripts denote the various boundary conditions). 
The Influence of Material Graded Index n
This section analyzes the dynamic behaviors due to the impacts of material graded index n. The geometry, the load parameter, and the parameters of the thermal environment used for numerical computations were the same as those in Case 1 ( Table 2 ). The FGM rectangular plates under S-S-S-S, S-S-S-C, S-S-C-C, and S-S-S-F boundary conditions were considered for the simulation. A set of FGM material graded indexes n = 0, 1/2, 1, and 2 was employed. Figure 6 shows the time histories of the transverse displacement at one given position (x = a/2, y = b/2). As is illustrated in the line chart, the displacement of the FGM plates decreased as the material graded index n increased, no matter which boundary conditions were employed. 
The Influence of Temperature Changes
This section examines the influences of temperature changes on the transient response of FGM plates. The geometry, load parameter, and the material graded index used to simulate here were the same as those in Case 1 ( Table 2 ). Consider the boundary conditions here: S-S-S-S, S-S-S-C, S-S-C-C, S-S-S-F. The simulation was implemented in four different thermal states with a structure temperature change of 0 K, 200 K, 500 K, and 700 K, as shown in Figure 7 . It was obvious that the deflection of the FGM plates increased as the temperature increased. According to Equation (19) , the axial tensile or compressive forces could be generated because of the sudden temperature change, which led to the peak deflection increases [40] . 
Conclusions
The transient behavior of FGM plates subjected to thermal loading was studied using a novel semi-analytical method in this article. Hamilton's principle was employed to derive the formulation, which considered the effect of in-plane displacements. The plate was supposed to vary continuously in the thickness direction, and Voigt's rule of mixtures was employed to estimate the material properties. This article presents a novel, accurate, and efficient semi-analytical method that incorporated the Laplace transform and its numerical inversion, Fourier series expansion technology, and the differential quadrature method (DQM) to analyze the transient behaviors of FGM plates.
Firstly, this paper validated the proposed method by a comparison of fundamental frequencies with those in the literature on the subject. For further validation, this article also carried out comparisons of the present solutions with those derived by Navier's method. It all showed that the proposed semi-analytical method was accurate and efficient. Secondly, the convergence study that was carried out in this paper showed that the process had a fast convergence rate and a few sampling points could achieve high accuracy. Finally, the influences of various boundary conditions, the gradient index of the material, and temperature change were investigated. From the detailed parametric study, the peak displacements increased with the edge degrees of freedom, the gradient index of the material, and temperature change increase. The results obtained here are useful in the dynamic structural field.
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